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PRINJECTIVE MODULES, REFLECTION FUNCTORS,
QUADRATIC FORMS, AND AUSLANDER-REITEN SEQUENCES

J. A. DE LA PENA AND D. SIMSON

ABSTRACT. Let 4, B be artinian rings and let 4Mp be an (4 — B)-bimodule
which is a finitely generated left A-module and a finitely generated right B-
module. A right 4Mp-prinjective module is a finitely generated module Xz =
(X}, Xy, 9: X/, ®4 Mp — Xp) over the triangular matrix ring

_ (A4 aMs
r=(5 5"
such that X ,fi is a projective A-module, Xy is an injective B-module, and ¢
is a B-homomorphism.

We study the category prin(R)g of right 4 Mpg-prinjective modules. It is an
additive Krull-Schmidt subcategory of mod(R) closed under extensions. For
every X, Y in prin(R)4, Ext3(X, Y) =0. When R is an Artin algebra, the
category prin(R)g has Auslander-Reiten sequences and they can be computed
in terms of reflection functors. In the case that R is an algebra over an alge-
braically closed field we give conditions for prin(R)g to be representation-finite
or representation-tame in terms of a Tits form. In some cases we calculate the
coordinates of the Auslander-Reiten translation of a module using a Coxeter
linear transformation.

0. INTRODUCTION

Let A, B be artinian rings and let 4Mp be an (4 — B)-bimodule which is
a finitely generated left 4-module and a finitely generated right B-module. By
a right 4 Mp-prinjective module we shall mean a finitely generated module

Xr = (X:,, Xg, Q: X:l Ry Mg — Xg)
over the triangular matrix ring

0.1) R= (’g Ajgﬁ)

such that X, is a projective 4-module, Xy is an injective B-module, and ¢
is a B-homomorphism.

The aim of this paper is to study the category prin(R)4 of right 4Mp-
prinjective modules. It is an additive Krull-Schmidt subcategory of mod(R)
closed under extensions. It has enough relative projective and relative injec-
tive modules and it is a hereditary subcategory of mod(R) in the sense that
Extx(X,Y)=0 forall X and Y in prin(R)4.
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We prove in this paper that if R is an Artin algebra then prin(R)4 has
Auslander-Reiten sequences and we show how to compute them in terms of
reflection functors. In the case that R is an algebra over an algebraically closed
field we give necessary conditions for prin(R)4 to be a representation-finite or
a representation-tame category in terms of a Tits form. Moreover, if prin(R)%
has a preprojective component, this gives a criterion for the representation-
finiteness of prin(R)4. In the latter case, we calculate the coordinates of the
Auslander-Reiten translation of a module by means of a Coxeter linear trans-
formation.

The main motivation of our study is the fact observed in [10, 18, 19] (see
also §1) that given finite Krull-Schmidt categories K, L and a (K—L)-bimodule
N: K x L — mod(k) there is an algebra R of the form (0.1) and an equiva-
lence of categories

Mat(g ML) = prin(R)3,

where Mat(gxNVy) is the category of x/Np-matrices in the sense of Drozd [7].
In particular, the subspace category #Z (Kr) of a vector space category K is
equivalent to prin(§ #) for some g M . Therefore, our results give us tools to
study the representation type of Mat(x Np), which turns out to be an important
class of matrix problems with many useful applications [16, 19].

The notion of an 4Mp-prinjective module was introduced in [10] and in-
dependently in [19] under the name of ,Mpg-matrix module. The category
prin(R)4 is denoted by mod}(R) in [19]. Our Coxeter scheme, studied in §4,
generalizes the one defined in [17] for the case where B is a division ring.

Throughout this paper R is an Artin algebra of the form (0.1). We de-
note by mod(R), pr(4), and inj(B) the categories of finitely generated right
R-modules, projective right 4-modules, and injective right B-modules, respec-
tively. We assume that 4 and B are basic algebras and we fix complete sets
{e1,...,en} and {7y, ..., nm} of orthogonal primitive idempotents in 4 and
B respectively. Given Xg = (X, Xz, ¢) in mod(R) we put X; = X'e; = Xe;
and X/ =X"n; = Xn;.

We fix a duality D: mod(R) — mod(R°P); that is,

D(-) = Homc(-, E(C/£(C))),

where C is a commutative artinian ring contained in the center of R such that
R is a finitely generated C-module, £ (C) is its Jacobson radical, and E(-)
denotes the injective envelope. We denote by

(0.2) N: pr(A) — inj(A)

the Nakayama equivalence defined by M(P) = DHomy(P, A) (we will write
M, whenever confusion may arise). We will frequently use the equivalence

(0.3) P ®4 Mg = Homy(s M4, M(P)),
with M = DM and P in pr(A4), defined as the composed map
P ®4 Mg % Hom(Hom,(P, A), 4Mp) > Hom (s M, N(P)),

with o(p ® m)(f) = f(p)m.
The results of this paper were presented during the Conference on Represen-
tation Theory of Algebras held in Warsaw (Poland) in April-May 1988.
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1. THE CATEGORY OF 4 Mp-MATRICES

Let us recall from [7] the definition of Mat(gM.).

Suppose that k is a commutative artinian ring, K, L are finite Krull-Schmidt
k-categories, and N: K° x L — mod(k) is a (K — L)-bimodule, i.e., it is an
additive k-bilinear functor. The objects of Mat(xN.) are triples (x,y, f)
with x €e #bK, y € #bL, and f € N(x, y). A morphism from (x, y, f) to
(x',y', f') isapair (¢, y), where ¢ € K(x, x'), w € L(y, y') are such that
N(x,w)f=N(p,y')f € N(x,y'). Itis known that Mat(g/N) is an additive
Krull-Schmidt category.

Following [18, 19] we associate to gV, an Artin k-algebra R = ({+¥»)
as follows. We take complete sets K,,..., K, and L, ..., L, of pairwise
nonisomorphic indecomposable objects in K and L respectively and we set

K=K1@...@Kn, L=L1€B"'®Lm,
A=K(KK,K), B=LL,L), and ,Mz=DN(K,L).

Proposition 1.1. With the notation above, there is an equivalence of categories

u*: Mat(gNL) = prin(R)3.

Proof. We repeat the proof given in [19, §5; 10, §1]. Let w: K — pr(4) and
w': L — pr(B) be the Yoneda equivalences given by w(-) = K(K, -) and
o'(-) =L(L,-). For x € @bK and y € @bL the Yoneda lemma yields a
natural isomorphism

(1.2) u: N(x,y) —» Homp(w(x) ®4 Mg, Nw'())
which is the composed map
N(x,y) > Nat(L(y, -), N(x, -)) = Homp(L(y, L), N(x, L))

= Homp(DN(x, L), DL(y, L))
S Homg(K(-, x) ® DN(-, L), N’ (y))
= Homp(w(x) ®4 Mp, Nw'(y)),

where Nat(—, -) denotes the set of k-linear natural transformations.

Now we associate the module u*(x,y, f) = (w(x), Nw'(¥), u(f)) in

prin(R)4 to (x,y, f) in Mat(xN.) with f € N(x, y). Applying (1.2) one
can easily check that u* defines an equivalence of categories. O

2. THE CATEGORY OF PRINJECTIVE MODULES

Let R= (¢ +¥2) be an Artin algebra. A module P (resp. Q) in prin(R)4
will be called prin-projective (resp. prin-injective) if Hompg(P, -) (resp.
Homg(-, Q)) carries over short exact sequences in mod(R) with prinjective
terms into exact ones.
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To describe the indecomposable prin-projective modules and prin-injective
R-modules we need the following notation. Given X = (X', X", ¢) in mod(R)
we form two modules,

(2.1) X=X,EX"),¢) and X =(P(X'), X", @),

where E(X”) denotes the injective envelope of X” in mod(B) and P(X’)
denotes the projective cover of X’ in mod(4); the maps ¢ and ¢ are defined
in the obvious way. Now we form two families of indecomposable prinjective
R-modules,

(2.2) B,....P.,%, ..., °%,,

(2.3) op ..., %P, 01y, Om,

where P, = &R, °I, = (0, E(top#,B),0), °P; = (¢;4,0,0), and Q; =
Egr(topn,B)~, topn,B = n,B/radn,B; Er(-) denotes the injective envelope
in mod(R).

Proposition 2.4. (a) The category prin(R)4 is closed under extensions in mod(R)

and for any X in prin(R)4 there are exact sequences in mod(R)

0—-H —-Hy— X—-0,
0-X-Uy—U —0,

where Hy, and U, are direct sums of modules in (2.2) and (2.3) respec-
tively, whereras H; and U, are direct sums of modules °r,,...,°%, and
0P, ..., P, respectively.

(b) A module P in prin(R)4 is prin-projective if and only if ExtR(P, X)=0
for all X in prin(R)A. The modules (2.2) form a complete list of pairwise
nonisomorphic indecomposable prin-projective modules.

(c) A module Q in prin(R)4 is prin-injective if and only if Ext}((X ,0)=0
for all X in prin(R)4. The modules (2.3) form a complete list of pairwise
nonisomorphic indecomposable prin-injective modules.

(d) prin(R)# is a hereditary subcategory of mod(R), i.e., Ext%(X,Y)=0
forall X and Y in prin(R)7.

Proof. (a) Let X = (X', X", ¢) be in prin(R)3. Since X' is in pr(4), then
L=(X',X'®4Mp,id) is in pr(R) and therefore L is a direct sum of copies
of P,..., P,. The maps idy: and idy~ induce the exact sequence

0-(0,Y,00»La&(0,X",0)— X —0.

Since obviously Y, X” are in inj(B), we then get the first sequence in (a).
The second one arises dually.

(b) It is clear that Extp(P, X) =0 for all X in prin(R)4 and P of the
form (2.2). Then statement (b) follows from (a).

Since (c) follows similarly from (a) and (d) is a consequence of (a)=(c), the
proof is complete. 0O

Let X be indecomposable. A map f: X — Y in an additive Krull-Schmidt

category K (= prin(R)4, mod(R), ...) is called a source map for X if it
satisfies:
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(a) f is not split mono;

(b) given f’: X — Y’ not split mono, there exists #: Y — Y’ with ' =
nf;and

(c) if y € Endg(Y) satisfies fy = f, then y is an automorphism.

The dual concept is a sink map (see [16, (2.2)]).

We describe now the sink morphisms in prin(R)4 ending at the prin-projec-
tive indecomposable modules. R

Consider the case }3, = ejR = (¢jA, E(ejM),id). Let {: X — e;4 be a
sink morphism in pr(4); thatis, {: X = P(rade;j4) — (rade;4) — e;A. Then

(2.5) (,id): (X, e;M,E® 13)" — P;

is a sink morphism.

Consider the case °I, = (0, E(topn,B), 0). Let A: Y — M~1E(topn,B) be
a sink morphism in pr(B). Then v = NAi: J = NY — E(topn,B) is a sink
morphism in inj(B). Let j: kerv — J be the inclusion. Then

(2‘6) (O,V): (HomB(M7kerV)9J’7)~__}OIt,

where j is the adjoint map to Homp(M, j), is a sink morphism.
The description of the source morphisms in prin(R)4 starting at °P; and
Q; is dual.

3. AUSLANDER-REITEN SEQUENCES FOR PRINJECTIVE MODULES

Let R be an Artin algebra of the form (0.1).

In this section we establish the existence of Auslander-Reiten sequences in
prin(R)4 (even in two different ways!) and we give some useful relations of the
category prin(R)4 with other module categories.

We start by recalling some definitions from [19]. By mod’¥(R)4 we
denote the full subcategory of mod(R) consisting of modules of the form
X = (X', X", 9) such that X' € pr(4) and ¢: X' ®,4 M — X" is onto.
Dually, mod,.(R)p is the full subcategory of mod(R) consisting of modules
X = (X', X", 9) in mod(R) such that X” € inj(B) and the adjoint map
to ¢,9: X' > Homg(M, X”) is mono. Observe that modules in mod”®(R)4
have no top at B and modules in mod;.(R)s have no socle at 4. The category
of adjusted modules adj(R)$ consists of finitely generated modules of the form
X =(X', X", ¢) such that ¢ is onto and @ is mono.

Let Bp: prin(R)f — mod’®(R)* be the functor given by (X', X", ) —
(X', Img, resp). Dually, 84: prin(R)4 — mod,;.(R)p is given by

(X,’ X”’ ¢) g (Imva X”’ j(o)a

where j, is the adjoint map to the inclusion Im@ — Homy(M, X").
We get the following commutative diagram:

A
OV mod”?(R)

(3.1) prin(R)g adj(R)3

o™

®

()
mod;c(R)g” "
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Clearly, we get
(32) ©4X)>x, ©zY)3Y for X emodi(R)s,Y € mod’$(R) .

Lemma 3.3. (a) If X € mod’®(R)* (or X € prin(R)4), then there exists a
natural epimorphism ex: X — ©4(X) such that for any morphism f:Z —
©4(X) with Z € mod”*(R)* (or Z € prin(R)4), there is a lifting f: Z — X
with exf = f.

(b) If X € mod;.(R)p (or X € prin(R)4), then there exists a natural mono-
morphism ny: ©p(X) — X such that for any morphism f:©g(X) — Z with
Z € mod;.(R)p (or Z € prin(R)4), there is an extension f: X = Z with
fix=1.

(c)If e:0 - X 5 Y 5 Z — 0 is an exact sequence in adj(R)4 (resp.
in mod;.(R)g), then there exists an exact sequence é: 0 — XLELZ S
0 in mod”®(R)4 (resp. in prin(R)4) such that ©4(é) and e are equivalent
sequences.

(d)Ife:0—- X% Y 5 Z — 0 isan exact sequence in adj(R)4 (resp. in
mod?”®(R)4), then there exists an exact sequence é:0 — X 5 L% Z — 0 in
mod,.(R)g (resp. in prin(R)4) such that ©g(é) and e are equivalent sequences.

(e) Let X be an indecomposable in mod’®(R)4 (or in prin(R)4). Then
©4(X) = 0 if and only if X ~ OP; for some j. If X # °P;, then ©4(X)
is indecomposable and ém/) ~ X . Moreover, ker® = [°P,, ... °P,)], i.e,
©4(f) =0 ifand only if f factorizes through a direct sum of °Py, ..., P,.

(f) Let X be an indecomposable in mod;.(R)p (or in prin(R)4). Then
83(X) = 0 ifand only if X ~ O, for some t. If X # °I,, then ©p(X) is
indecomposable and Bp(X) ~ X . Moreover, ker®p =[°I,, ..., °I,].

(g) Let X € mod’®(R)* (resp. X € prin(R)4) be an indecomposable such
that X # °P; (1 < j < n). Then ©4(X) is projective in adj(R)3 (resp. in
mod;.(R)g) if and only if X is projective in mod”®(R)* (resp. prin-projective).

(h) Let X € mod;.(R)p (resp. X € prin(R)4) be an indecomposable such
that X #°I, (1 <t < m). Then ©g(X) is injective in adj(R)4 (resp. in
mod?®(R)4) if and only if X is injective in mod;.(R)g (resp. prin-injective).

(i) The functors ©4, Bp are full and dense with

ker®16z =[°P,, ..., °P,, %I, ..., °I,],

and
prin(R)4/[°P, ..., °P,, °I,, ..., °I,,] ~ adj(R)}.

Proof. We give some indications of the proofs of (a), (c), (e), (g), (i); the other
claims are dual.

(a) Let X = (X', X", 9) € mod’®(R)". Then there is an onto A-morphism
v: X' —» Im@ such that 9 = i, o v, where i, is the inclusion Im9g —
Homg(M, X”). Then ex = (v, lys): X — ©4(X) is a natural epimor-
phism. If f = (f', f"): Z — ©4(X) is a morphism with Z € mod’®(R)*,
then there is an A-morphism f': Z' — X' such that f' = v f'. Therefore,
f=(, f"): Z - X is a morphism such that f=¢xf.
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(c) Consider the following exact and commutative diagram of A-modules:

1

0 - PXx) L P % Pz) - 0

Px'l Pl lp}"
0 - Xx Yy ¥ zz L0
l ! !
0 0 0

where P = P(X') & P(Z'). We get an exact sequence in mod”¢(R)4,
G0 X E— (P Y P, MY Y oM%Y ") Z o,

Since py(p ® 14) = Pyp, then O4(E) = ©4(Y) 5 Y . It follows easily that
64(é) and e are equivalent sequences.

(e) This is left to the reader.

(g) Assume that X € mod”®(R)“ is an indecomposable such that X # OP;.
Then 64(X) # 0. Assume that ©4(X) is projective in adj(R)% .

Let e:0— ¥V 5 E 5 X — 0 be an exact sequence in mod”é(R)4 . Consider
the following induced exact and commutative diagram of 4-modules:

0 - K 4, Imop, - Imop, - 0
il ! l
0 — Homp(M,V") — Hompg(M,E"”) — Homg(M, X")

We get an exact sequence in adj(R)4

0~ (K, V", y) L5 04(E) £ 04(x) — 0,

where ¥ = i. Therefore, there exists #: 84(X) — O4(E), a morphism such
that ©4(u)h = lgu(x, . By (a), there isalifting A: X — E such that eyh = hey .
The endomorphism uh satisfies e4(uh) = lga(x) - Since X isindecomposable,

vh is an isomorphism. Thus u splits and X is projective.
(i) Follows easily. O

Ifn:0-X L ¥ £ Z - 0 is an exact sequence in mod(R), where X, Y,
Z arein K (=adj(R)4, prin(R)4,...) with X and Z indecomposable, then
n is an Auslander-Reiten sequence if f is a source map, or, equivalently, g is
a sink map in K. The category K is said to have Auslander-Reiten sequences
if for every indecomposable noninjective (resp. nonprojective) object X in K
there exists an Auslander-Reiten sequence in K starting (resp. ending) at X
(see [16]). Moreover, K is said to have source maps (resp. sink maps) if for
every indecomposable object X in K there exists a source map in K staring
(resp. sink map in K ending) at X .

Theorem 3.4. The categories adj(R)3, mod”®(R)*4, mod;.(R)p, and prin(R)4
have Auslander-Reiten sequences, source maps, and sink maps.

Proof. As observed in [19], the existence of Auslander-Reiten sequences in
adj(R)4 is a direct application of [2].

Let X be a nonprojective indecomposable in mod;.(R)s. By Lemma 3.3,
O3p(X) is indecomposable and nonzero. If ©5(X) is nonprojective, then there
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exists an Auslander-Reiten sequence e: 0 — Z — E = Op(X) — 0 in adj(R)f .
By (3.3)(d),(f), there is an exact commutative diagram in mod;.(R)p as follows:

e:0 - Z 4% E 5 O3(X) - 0
£ l’ l'lx
6:0 - Z - L & X~63X) - 0

Moreover, ©5(¢é) and e are equivalent sequences. We claim that é is an
Auslander-Reiten sequence in mod;.(R)p .

In fact, let f: Y — X be a noninvertible map in mod,.(R)z, where Y is
indecomposable. If ©5(f) = 0, then f has a factorization through a direct sum
of modules °I, ..., %I, (3.3)(f). Since every °I, is projective in mod;.(R)z,
then f = ug forsome g:Y — L. Suppose now that Og(f) # 0. By (3.3)(f),
Bp(X) and Bg(Y) are indecomposable and Og(f) is not invertible. Since e is
an Auslander-Reiten sequence, there exists #: ©5(Y) — E such that ©p(f) =
vh. By (3.3)(b), there exists g € Homg(Y, L) such that th = gny. Hence,
(1g — Nmy = uth — nxOp(f) = nx(vh — Op(f)) = 0; that is, Op(ug - f) =0.
As above, ug — f factorizes through u. Therefore, f factorizes through u.
Hence our claim follows. If ©z(X) is projective, see the note added in proof.

For the proof that for every noninjective module X in mod;.(R)p there
exists an Auslander-Reiten sequence starting at X, we recall from [19, §2; 18,
§7B] the following. There is a reflection duality

(3.5) D*: mod;(R)p — mod.(R®)g,

where R°® is the algebra opposite to RY defined in (3.6) below and D* is the
composed functor

mod;.(R)s = mod”¥(RY)® 2 mod;.(R*)s

with V_(X', X", 9) = (M3'(X"), coker@, vy) and vy: NZ'(X") ®p M3
Hom (M, X”) — cokerg.

In view of the duality D*, the required property easily follows.

The existence of source and sink maps in mod;.(R)p can be shown similarly
as in prin(R)4 as discussed in §2.

The proof for prin(R)4 can be done in a similar way as above, whereas for
mod”®4(R)“ the proof follows from the case above using the duality D. O

If X is an indecomposable nonprojective module in prin(R)4 we denote by
AX the starting term of the Auslander-Reiten sequence ending at X . Dually, if
X is indecomposable noninjective, A~ X is the ending term of the Auslander-
Reiten sequence in prin(R)4 starting at X .

We introduce a Coxeter scheme similar to that given in [17]. For this purpose,

we consider the reflection form
v_[B sM,
(3.6) RY = [ 0 4 ]

of R, where M=DM.
We introduce reflection functors in the following way:

S8 prin(R)4 — mod;.(RY) 4
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defined on objects as
= (X", X", ¢) — (kerg, My(X'), jx),
where jx: ker ¢®BE — N4(X') is the adjoint map to the composition ker ¢ —
X' ®4 M ~Homy(M, Ny (X"));
S4: prin(R)4 — mod’®(RV)E
defined on objects as
X=X,X", 9)— MG (X"), coker g, vx),

where 9: X' — Ho%(M , X" is the adjoint map to ¢ and vy is the compo-
sition N (X”") ®p M ~ Hom4(M , X") - coker 9.
We define dually the functors

Sp: prin(RY)5 — mod”®(R)4, S4: prin(RV)8 — mod,.(R)3.
The partial Coxeter maps are given by

AB: prin(R)4 — prin(RV)B, AB(X) = SB(X),

5 Ag: prin(R¥)E — prin(R)Y4,  Ap(Y) = 55(Y),
' AY: prin(RY)E — prin(R),  AA(Y) = §A(Y),
A4 prin(R)j — prin(RY)g,  A4(X) = 84(X);

therefore, by (3.2), we get the following commutative diagrams:

(3.8)
/ ~3& _— /‘ 3
N el T~ /

mod;.(R)p

We will use this scheme to give formulas connecting the left-hand and right-
hand terms of the Auslander-Reiten sequences in prin(R)3. We follow ideas
in [19, Proposition 2.17, Theorem 3.28; 17, Corollary 3.7].

By tr: mod(R) — mod(R°?) we denote the usual transpose construction.

mod?# (R)4 mod?#(RV )5

prin(R) prin(R)4

mod;.(RY)

Lemma 3.9. Let X be an indecomposable in prin(R)4. Then
Dtr®p(X) = SAAB(X),  trDOA(X) =~ SpA4(X).
In particular, Dtr®g(X) isin mod;.(R)g and tr DO4(X) isin mod”¥(R)4.

Proof. First we note that the following diagram
. 4
prin(RV)E = mod,(R)p
(3.10) Dl i)
prin(RV%) 4“4 mod?®(RoP)B”
is commutative. This follows from the definitions of 4 and S, and the fact
that given Ygzv = (Pg, Q4, t) in prin(RV)E we have

D(Y) = (D(Q4), D(Pp), ),
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where w is the image of f: P ®p M 4 — O under the composed isomorphism
Hom (P @3 My, Q4) ~ Hom(D(Qy), D(P ®5 My))

~ Hom,(D(Q4), Homp(Pp, 4M3))

~ Hom,(D(Q4) , Homp(s My, D(Pg)))

~ Homp(s M, ® 4 D(Q4), D(Pp)).

Now, let Xz = (X, Xj, ¢) be in prin(R)4 and let Pz be the projective
cover of kerp. We get an exact sequence Pz — X' ®4 Mp % x » and
AB(X) = (Pg, Ma(X)), 1),
where ¢ is the adjoint map to the composition
P % X' ®4 Mp = Hom (s My, M4(X")).

Let us consider the module Z = S,4»DAB(X) in mod”®(R°P)B” . Note that
Z = (BZ,, 4Z", h) , where gZ’' = Hompg(Pp, B) and h: MRpZ' — 4Z" is
the cokernel of the composed map

(3.11)

— ~ (0.3)
e: Hom,(X)y, A) 5 DN 4(X))) % Homp(s My, D(Pp)) —> 4M @5 Z',
where ¥ is the adjoint map to the image y of ¢ under the isomorphism (3.11).

On the other hand, Pr(©p(X)) ~ (X, X' ®4 Mp,id) and therefore the

sequence

(0, Pg, 0) %) Pr(©5(X)) — ©5(X) — 0

is exact. It is not hard to show the commutativity of the following diagram:

Homg (Pa(©5(X)), R) = Homg((0, Ps, 0), R)
1 |
(0, Hom4(X},, 4),0) ©2  (Homp(Ps, B), +M ®5 Homp(Ps, B), id)
Therefore, tr®g(X) ~ coker(0, u)* ~ coker(0, &) ~ Z . Since the diagram
(3.10) is commutative, we get SAAB(X) ~ D(Z) ~ DtrOg(X), as desired.
The remaining part of the lemma follows in a similar way. O

Lemma 3.12. Let 0 - X % Y L Z — 0 be an Auslander-Reiten sequence in
mod(R) with X, Z indecomposable.

(a) If X is in mod;.(R)g, then Z isin mod’®(R)1. If Z is not of the form
OP;, then the induced sequence 0 — X — ©4(Y) — 84(Z) — 0 is exact.

(b) If Z is in mod”®(R)4, then X isin mod;.(R)g. If X is not of the form
07,, then the induced sequence 0 — ©p(X) — Op(Y) — Z — 0 is exact.
Proof. (a)If X isin mod;.(R)p then X ~ ©4(X) andby (3.9), Z ~trD(X) ~
tr DO4(X) ~ SpA4(X) is in mod”®(R)".

Let X=(X'",X",9),Y=Y',Y",y),and Z=(Z',Z", ). We have a
commutative diagram

!
fy

kery - ker A
0 — X' LA Y’ LA z -~ 0
U v ) {7
Img z Imy i Im1
0 Iy
0 — HompM,X") — Homg(M,Y”) — HomgM,Z") — 0
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with the second and the last row exact, where @, ¥, A are the adjoint maps
to ¢,v,A and &, 7, are maps induced by u, t. It is clear that #; and
' are injective, 7' is surjective, and 7% = 0. We claim that ¢} is surjective.
If kerd = 0, this is clear. If kerd # 0, the inclusion (kerk, 0,0) — Z is
nonsurjective (since otherwise Z ~ OP; for some j) and by the right almost
split property, it has a factorization through ¢. It follows that f, is surjective
and hence it is an isomorphism. The snake lemma implies that ker# = Im &/
and (a) follows. Statement (b) is dual to (a). O

Theorem 3.13. If 0 - X — Y — Z — 0 is an Auslander-Reiten sequence in
prin(R)4, then
X ~Dtr8p(Z)~ ~AAB(Z) and Z ~trDOA(X)" ~ AgA,(X).
Proof. Let X be an indecomposable non-prin-injective module in prin(R)% .
By (3.3)(a),(e), 0 # ©4(X) is indecomposable and not injective in mod(R)
(compare [19, Theorem 3.28]). Let
e:0-81X)-WLHLL-0

be an Auslander-Reiten sequence in mod(R).
Assume first that L ~ °P;. Then as in the proof of (3.4) we get an Auslander-
Reiten sequence

é:O—»réA(\XS—»ELZ,—»O.
Since L=L and X ~ m , it follows that
Z~L=L=trD84X)" 2 SeAA(X)" ~ AgA4(X).

Assume L is not of the form °P;. By (3.12), we get an exact sequence
0-04x)5Letw)-e4L)-0

and also an exact nonsplit sequence in mod;.(R)p,
ul — —_—
e:0-04X)5L e4w)-e6e4(L)-0,

where u’ is the composition of u with the natural embedding 64(W) —
—e,
e4(W).

Since L is in mod”4(R)4 by (3.9), ®4(L) is an indecomposable module in

—

adj(R)4 and ©4(L) is indecomposable in mod,.(R)p . It is easy to check that
u' is a source map in mod;.(R)p and, therefore, ¢’ is an Auslander-Reiten

sequence in mod;.(R)p. Applying (3.3) (as in the proof of (3.4)), we get an
Auslander-Reiten sequence

0-064X)—-FE—->084L)—0
in prin(R)4 . Since 84(X) ~ X, it follows that

———

Z ~8A(L) = L ~ tr DOA(X)" ~ AgA4(X).
The remaining part is dual. O

We remark that Theorem 3.13 gives an explicit construction of the Auslander-
Reiten sequences in prin(R)# starting with those in mod(R) .
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Corollary 3.14. A =A4AP and A~ =AgA,. O

We denote by prin(R)# (resp. prin(R)4) the factor category of prin(R)#
modulo the ideal formed by all maps which admit a factorization through a
prin-projective (resp. prin-injective) module. The corresponding Hom func-
tor is denoted by Hom and Hom, respectively. We shall prove the relative
Auslander-Reiten formula.

Proposition 3.15. (a) For X, Y € prin(R)4 there are natural isomorphisms
DExtx(X, Y) ~ Homg(Y , AX) ~ Hom (A”Y, X).
(b) A and A~ induce inverse equivalences

A

prin(R)j,

e

prin(R) =

adj(R)3/[eiR, ..., e,R] ~adj(R)3/[Qi, ... , Om],
where Q, = Eg(topn;B).

Proof. (a) Let e:0 — AX 5 E % X — 0 be an Auslander-Reiten sequence

in prin(R)4. Choose ¢ € DExtR(X, AX) such that p(e) # 0. We define a
natural morphism

>

h: Homg(-, AX) - DExth(X, -)

by hax(lax) =¢.

Let Y € prin(R)4. We show that hy is epi by proving that Dhy is mono.
Let 0 # n € Extg(X, Y). Then we obtain the following exact commutative
diagram:

no - Y —- E - X — 0
sl | l
e:0 - AX - E - X — 0

Thus, fn =e and Dhy(n)(f) = @(fn) = ¢(e) #0.

Clearly, h factorizes through Hompg(-, AX). Then we get a natural epimor-
phism 4: Homg(-, AX) — DExtL(X, -).

Let f € Homg(Y, AX) and assume that f does not admit a factorization
through prin-injective modules. By (2.4), there is an exact sequence 7: 0 —
Y - Uy —» Uy — 0, where Uy and U; are prin-injective modules. There-
fore, 0 # fn € Extgx(U,, AX) and we get a morphism g € Homg(X, U;)
such that (f77)g = e. Thus we have constructed ng € Exth(X, Y) such that
hy(f)(ng) = ¢(f(ng)) = p(e) # 0. This shows that % is a natural isomor-
phism.

The remaining part of the proof is simple. O

In [10], the existence of Auslander-Reiten sequences in prin(R)4 is shown
by means of functorial methods. We give here a brief survey of the main ideas.
Let X be any module in mod(R). We denote the restriction

Homg(-, X)| prin(R)3
by prinR(_’ X) .
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Proposition 3.16. Ler X € mod(R). Then there exists a module X in prin(R)4
such that pring(-, X) — pring(~, X) is a projective cover in the category of
contravariant functors from prin(R)4 to Ab.
Proof. Let

X = (X}, X3, ¢) € prin(R)3.
First we show that Homp(-, X”')|inj(B) is finitely generated in the category of
contravariant functors from inj(B) to Ab. Indeed, let 0 — X" 55 Iy = I, be
an injective presentation of X” in mod(B). Consider the exact sequence

. —1;
0- K Lol (1) " o5\ (1y)

and let P & K be a projective cover. As iNp(j) = mB(m;‘(i)j) =0, we get
the following commutative diagram:
Np(P)
‘ﬁa(l’)l
Np(K)
Sl Np(j)
0— X" 5 I
Therefore, v = sNg(p): I = Np(P) — X" yields the wanted morphism.
Consider the fibered product in mod(4):
L %  HompM,I
t] _ | Homg(M ,v)
X %  HompM, X")
where @ is the adjoint map to ¢. Let P(L) L Lbea projective cover

in mod(A4) and let y: P(L) ®4 M — I be the adjoint map to hl: P(L) —
Homg(M, I). Then

f=l,v):X={PWL),1,y)—X
yields an onto transformation
(—, f) prinR(_: 7) - prinR(_’ X)

in the category (prin(R)4, 4b). The existence of the projective cover easily
follows. O

The existence of Auslander-Reiten sequences can be proved as follows. By
(3.16), the category of all finitely presented modules F: (prin(R)4)® — Ab
is abelian. Let F: (prin(R)4)°® — Ab be a finitely presented functor; then
DF: prin(R)4 — Ab is also finitely presented. If 0 # F, a simple quotient of
DF provides a simple subfunctor of F. Let Z be an indecomposable non-prin-
projective module in prin(R)% . Then the functor Exti(Z, -): prin(R)4 — 4b
is finitely presented and nonzero. Let Sy be a simple subfunctor of Extk(Z, -)
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with X an indecomposable module in prin(R)4 such that Sx(X) # 0. An ex-
act sequence ¢: 0 — X — Y — Z — 0 which generates Im(Sx — Exty(Z, -))
is the wanted sequence.

In [10] the following formula is shown by applying the functorial arguments
above.

Proposition 3.17. Let Z € prin(R)4 be an indecomposable non-prin-projective
module. There exists a prin-injective module I such that DtrZ S AZ o1. O

The Auslander-Reiten quiver I'(prin(R)4) of the category prin(R)4 is de-
fined as usual.

4. ALGEBRAS OVER FIELDS

Let R be a basic finite-dimensional algebra over a field k. In the case R
is schurian of upper triangular form we will study the representation type of
prin(R)4 in terms of a Cartan matrix and a corresponding quadractic form.
The methods will be particularly successful when R is of finite prinjective type
(i.e., there are only finitely many indecomposable modules in prin(R)4, up to
isomorphism) and the Auslander-Reiten quiver I'(prin(R)4) is a preprojective
component.

We recall that we have fixed complete sets e, ..., e, and 7y, ..., 1, of
pairwise orthogonal primitive idempotents for 4 and B respectively. We de-
fine numbers

a;j = dimy e;Aej, by =dimy ngBn,, cis = dimyge;Mr;,

forall i,je {l,...,n} and s,t € {1,..., m}. We consider the bilinear
form
(4.1) (¢, )R:Z™M X I S T

defined by the formula

n n om m
(z,w)r = Z aijzjwj — chisziwnﬂ + Z bstZn+sWn1-

i, j=1 i=1 s=1 s,t=1

The associated quadratic form xg(z) = (z, z)g is called the Tits form of
prin(R)j .

Given X = (X', X", ¢) in prin(R)4 , we consider decompositions

n m
X'=@(ei4) and X" =P(DBrs)™+.
i=1 s=1

Following [4, 17], we define the coordinate vector of X as cdn X = (x;); €
N#+m The dimension vector of X is dim X = ((dimy X'e;);, (dimg X"ny);) €
N'H-m )

In the case k is algebraically closed, we say that R is of tame: prinjective
type if for each vector w € N"+™  there is a finite family Ml("’) vy M)
of (k[x] — R)-bimodules which are free as k[x]-modules and such that every
indecomposable X € prin(R)# with cdn X = w is isomorphic to N ®x M,.(“’)
for some i and some simple k[x}-module N .

One of the motivations for considering the Tits form is the following
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Proposition 4.2. (a) If R is of finite prinjective type, then xr is weakly positive
(ie, xr(z) >0, for 0 # z € N"t™).,

(b) If k is algebraically closed and R is of tame prinjective type, then xg is
weakly nonnegative (i.e., xgr(z) >0, for z € N*t").
Proof. We recall here briefly the arguments given in [5] for (a) and in [15] for
(b).

(a) Let z € N*+™ _ By ¥V, we denote the variety of all X € prin(R)4 with
cdn X = z. Therefore, dimV, = 37| S| CisZiZnss -

Let P, = @} ,(eid)% and I, = @,.,(DBns)* . Isomorphy in V; is given
by the action of the group G(z) with elements of the form (a ®,idy, f),
where (a, B) € Auty P, x Autg I, . Hence,

n m
dimG(z) < Y ayzizj+ Y baZnssZnr.
i,j=1 s, t=1

As k* C G(z) acts trivially and there are only finitely many orbits under the
action of G(z) on V;, dimG(z)—1>dimV,. Thus, xr(z) > 1.

(b) Let w € N**™ _ There are modules Ml(w) eens Ms(;” ) as in the definition.
Let V,("’) s oo, V) be the varieties of dimension at most 1 in ¥, obtained

as the images of the functors Mi(w)@km- evaluated in the k[x]-simples. For
any family of vectors (w;); with w; € N™*" %" w; = z, and numbers (j;);
with j; € {1 . sw,} we consider the (algebraic) map []; V;.f,""') xG(z) -V,
((M);, g) — (B; M;)% . Clearly, any module in V; is in the image of one of
these maps Since there are only finitely many of these maps and their images
are constructible,

dim ¥, < max { > dim ij""')} +dim G(z).
i

Therefore,
dimV, <|z| +dimG(z),

where |z| = Y7, zi + S0, Znss. Thus, xr(z) > —|z|. If xr(z) = —s, for
some s > G, then —/|z| < xr(lz) = I*’xr(z) = —=I%s and |z| > Is, for every
/ € N. A contradiction proving that yg(z) >0. O

The following remark in [16, 2.5] is useful: Let e: 0 - X - Y - Z - 0
be an exact sequence in prin(R)4. Then there exists a morphism ¢ €
Hom,(Z’, Homg(M , X”)) such that e is equivalent to the sequence:

1
0 — X' ﬁ. X'ezZ z! — 0

| [(% 7.) |

©

0 — Hompg(M, X") — Hompg(M, X"")® Homg(M , Z") o0, Homg(M,Z") — 0
where X = (X', X", ¢px) and @, is the adjoint map to ¢y ; similarly for
Y,Z.

We write e = [0]. We get an exact sequence
(4.3) 0 — Homg(Z, X) 2 Hom,(Z', X') x Homg(Z", X")

4 Homy,(Z', Homg(M , X")) % ExtR(Z, X) —» 0

0,1
—_—
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with v1(g) = (g’, &"), v, B) = Pya —Homp(M, B)7, , and v(d) = [4].
As a direct consequence we have
Proposition 4.4. Let X, Z € prin(R)4. Then
(cdn Z , cdn X)g = dim Homg(Z , X) — dimy Extk(Z, X). O

We now develop some general arguments about reflections that will be useful
for our considerations of algebras over fields.

Following [14, 20] by a bipartite Cartan matrix we shall mean a matrix C
of the form

[ 1 ap ... Qn | Cl1 Ci2 ... Clm-
a, 1 ... ay : 1 €2 ... Cm
: : P : :
a, a, ... 1 ‘¢ cn ... Cum
(4.5) C=|-"=-% ===l = -
cl11 c%1 c$” 11 by ... bim
2 S - Cm by 1 . b
. . o . o
: : sl : :
LClm Cm -+ Cnm | Dlm Dy - 1
with integral nonnegative coefficients. We say that C is symmetrizable by pos-
itive natural numbers f, ..., fu, &1, ..., & if a;;fj = fiafj , Qijgj = gib,fj R
and c¢;;8; = ficj; for all i, j. In this situation we construct the bilinear form
(4.6) («,=)c:ZM™M x 72" - Z
given by the formula
n n m m
(x,¥)c= Z aij fixiyj — Z Z Cis8sXi¥nts + Z bst 81 Xn+sVn+t s
i,j=1 i=1 s=1 s, t=1

where a;; =1 =bs;. Let xc(z) = (z, z)c be the quadratic form associated to
(-, =)c and let
(=, )c:ZM™M x 72" S 7
be the associated symmetric bilinear form, i.e., (z, w)c = $((z, w)c+(w, z)¢).
Let &1, ..., ¢nem € Z"™ = 7" @ Z be the standard basis (i.e., &;(j) = d;;
is the Kronecker delta). We define reflections

dj: ZM™ - 7 j=1,....,n+m,

by the formulas
0i(z) =z — Mq—éi fori<n

fi

%r)_c@m fort=1,...,m.
t

and
On+e(2) =z —
The composed map
(4.7) §=010n Gnam

is called the Coxeter transformation associated to C . Clearly, xc(d(z)) = xc(z)
for any vector z € Z"t™,



PRINJECTIVE MODULES AND AUSLANDER-REITEN SEQUENCES 749

Lemma 4.8. Let z € Z"*™ . Then

(@) 6(2)j=0j0j41 " On+m(2);;
(b) (j41"-Onem(2), &ide = (2, &j)e

Proof. (a) is straightforward.
(b) is by downwards induction on j. If j = n+ m, there is nothing to show.
Let j < n+ m. We may assume that n < j; then

2(z, &;
G-+ Baam(2), ) = (Bua+-bram(z) - 228000 )
8j+1—-n C
Since (41, &j)c =0, the result follows by induction. O
The following result is similar to [16, 2.4].

Lemma 4.9. For any two vectors v, w € Z"*™ we have (w, 6(v))c = —(v, w)c.

Proof. 1t is enough to show the formula for w =¢;, j=1,...,n+m. Let
n < j<n+ m. By applying (4.8) we get

(&5 6(0))c = gj-nd(v); + Z B(j—n)i&id(V)n+i

i=j—n+1
= gj—n0js1°* Onm(V)j — 2(0js1 - Onam(v), &)
m
+ Y B8O (V)nsi.
imj—n+1
Since

20041 Onam(V), &) = (v, &) + (&5 Ojw1 -+ Onam(V))c
m
=W, &) c+ Y Byoni&idir1 - Onsm(V)nsis
i=j—n
we get the desired result. The proof for 1 < j < n is similar. O

We say that R has a schurian upper triangular form if R has the shape

Ay ,‘Aj :1M1 cee 1My T
' s :
|
(4.10) R=|O___An aMi_... nMn|
| Bl th
0 | ..
! I o By |
where A, ..., A, and B, ..., B, are division rings, and ;4;, ;M; and B,

are bimodules. We assume that A; = e;de;, ;A; = e;Aej, B; = n;Bn;, B, =
nsBmn,, and ;M; = e;Rn; .

We associatc to R the bipartite Cartan matrix C = C(R) with a;; =
dim(iAj)A,-, ij = dimy,(;4;), ¢ = dlm(tM)Bn ¢, = dimy,(;M,), by =
dim(sB;)p, , and bj, = dimp (;B;). Then C(R) is symmetrizable by the num-
bers

fi=dimg 4; and g = dimy B,.
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It is clear that

(4.11) (s =) ={*, =)c®)-
From here on, we assume that R is an indecomposable ring (or connected in

the sense of [9]). In this case, by well-known arguments of Auslander, R is of
finite prinjective type if and only if I'(prin(R)4) has a finite component.

Lemma 4.12. Assume that R is of finite prinjective type and I'(prin(R)4) has a
preprojective component. Then:

(a) R has (up to isomorphism) a schurian upper triangular form (4.10).
(b) C(R) has the property that ciscj; < 3 forall i,s. If in addition R is

an algebra over an algebraically closed field, then cisci, <1.

Proof. (a) Any cycle n;,Bn;, #0, n;,Bn;, #0, ..., n;,Bn;, # 0 would produce
a cycle Homg(Py, P;) # 0, Homg(P,, P_;) #0, ..., Homg(P,, Py) # 0 and
thus is in I'(prin(R)g). Here, P; = (0, N(n;,B), 0) € prin(R)4.) If x € nyBn;,
(resp. x € ejAe;) is noninvertible, then we get a noninvertible endomorphism
of Ps (resp. of (ej4,0,0)).

(b)Let 1<i<nand 1 <s<m. Let

_ Ai iMs
R—[o BS]'

There is a fully-faithful functor ¢: prin(R')3’ — prin(R)4 such that
reso p(X) S5 X

(compare with [18, 19]). Therefore, R’ is of finite prinjective type. The Tits
form associated with prin(R')3’ is

fix? + gy* — cisgsxy.
By (4.2), this form is weakly positive; then the discriminant

cl8} — Afigs = cisCls figs — 4figs
is negative. Thus, c;cj; < 4.
If R is a k-algebra with k algebraically closed, then f; = 1 = g, for all
i, s. Therefore, cis = cj; and the condition above implies cicj; <1. O

A large class of examples of rings R satisfying the assumptions of the above
lemma are the sp-representation-finite right peak algebras studied in [14] and
the piecewise peak algebras of finite prinjective type studied in [20]. In both
cases there is a diagrammatic characterization of these algebras and sincere
algebras are described.

Proposition 4.13. Let R be aring of the form (0.1) and assume that T'(prin(R)4)
has a preprojective component. Then R is of finite prinjective type if and only
if xr is weakly positive. Moreover, in this case, if R is a k-algebra with k an
algebraically closed field, then:
(@) X — cdn X is a bijection between the indecomposable modules in
prin(R)4 and the positive roots of xr. .
(b) If X and Y are indecomposables in prin(R)4 and dim X = dim Y,
then X ~ Y.
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Proof. The first claim and (a) follow from the well-known Drozd’s arguments
[8, 16].
(b) Consider the matrix

H= [@l_mﬁ eide;)i,; 1 (dimy eMny)i,s ]

0 I (dlmk 'Tant)s,t
Then we have

((dlmk X'e;); (Z(dlmk X'e;)(dimy e; M n) + dimy X") ) = (cdn X)H.
i=1 s

By (4.12), H is invertible and the result follows from (a). O
Our aim is to use the Coxeter transformation J associated with C(R) to

calculate the Auslander-Reiten translation in prin(R)4. We start by showing
that in some cases J preserves positiveness of vectors.

Lemma 4.14. Let R be of finite prinjective type over an algebraically closed field
and such that T'(prin(R)4) has a preprojective component. Let v € N**™ pe
such that xr(v) = 1. Then:
(a) —1<2(w,&)r<1 for 1 <i<n+m with v; #0.
(b) If v is a sincere vector (that is, v(i) > 0 forevery 1 <i < n+m), then
d(v) € N#tm

Proof. (a)Since xg(&;) =1 and v—¢; is a vector with nonnegative coordinates,
0<xr(v—=¢i)=2-2(v,¢&)r and 2(v, &)r < 1. Similarly, —1 < 2(v, &)r.
(b) By downwards induction on j (0 < j < n+ m) we show that
6]+l ctt 6n+m(v) € Nn+m.
If j = n+ m, there is nothing to show. Let j<n+m and 1 <i<n+m.If
i<j, 0 Onym(v)i=v;>0.1If i > j, by (4.8)
0j Onem(V)i = i+ - Ontm(v);

=0it1° " Onem(V)i — 2(0i41 + * Onam (V) , &R

=V; — 2(0i41 -+ On+m(V), &i)r.
By the induction hypothesis, J;;; - dnim(v) € N*+™ | By (a),

2(ai+l o '5n+m(v) 5 fi)R < 1.
Thus, J;--Opym(v); >0. O

Theorem 4.15. Let R be an algebra over an algebraically closed field k . Assume
that R is of finite prinjective type and that T'(prin(R)4) has a preprojective
component. Let V € prin(R)4 be an indecomposable module with v = cdn V
such that é(v) € N**™ _ Then 6(v) = cdn AV .
Proof. Since d(v) is a positive root of xr, by (4.13) there exists an indecom-
posable module V'’ € prin(R)4 with 6(v) =cdn V'.

We claim that AV is the unique indecomposable in prin(R)4 satisfying:

(1) (v,cdnAV)r<O0.
(i1) If W is an indecomposable with (v, cdn W)g < 0, then

(cdn W, cdn AV)g > 0.
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For, since I'(prin(R)#) is a preprojective component, then Homg(V , AV) =
0 and by (4.4),

(v, cdn AV)g = —dim Exth(V, AV) < 0.

The property defining Auslander-Reiten sequences implies (ii). Moreover, if

Z is an indecomposable satisfying (i) and (ii), we should have (cdn Z , cdn AV')g

>0 and (cdnAV, cdn Z)g > 0. Hence, Homg(Z , AV) # 0 # Homgr(AV , Z),
and therefore Z ~ AV .

Now, note that by (4.9) the vector d(v) = cdn V' satisfies (i) and (ii). It

follows that V' ~ AV and 6(v) =cdn AV. O

).

Corollary 4.16. Let R and V be as in (4.15
0(v) =cdn AV .

Proof. The proof follows from (4.14) and (4.15). O

If v =cdn V s sincere, then

Remark 4.17. Let R be a basic, indecomposable triangular k-algebra of the
form (4.10) and assume that k is algebraically closed.

(a) It is possible to give an algorithmic construction of the modules on a
preprojective component of I'(prin(R)4). This generalization of (4.15) makes
use of a nonlinear map ¢’ instead of & . The construction follows that given
in [12] for the case of algebras.

(b) We say that R is sincere if its Tits form yr has a sincere root. The
separation-criterion for R can be defined as in the case of algebras. If R satis-
fies the separation-criterion, then I'(prin(R)4) has a preprojective component.
There is an algorithmic construction of all the k-algebras R which are sincere,
of finite-prinjective type, and which satisfy the separation-criterion.

We will come back to these and other algorithmic problems in a forthcoming
publication.

NOTE ADDED IN PROOF
In the proof of Theorem 3.4 the following situation remains to be considered:
Suppose that Bp(X) is projective in adj(R)4. Since X is not projective in
mod;.(R), then X is not of the form e/,ﬁ (i=1,...,n) and therefore we
conclude from Lemma 3.3 that there exists j € {1, ..., m} such that ©g(X) ~
©4V_(7,RY), where RV is defined in (3.6) and

V_: mod;.(RY) 4 — mod”®(R)*

is an equivalence defined below (3.5). It follows from the definition of V_ that
the inclusion radn;RY — n;RV induces a commutative diagram

e:0 — topn;R — KEp 5 B5(X) - 0
P ! Ly

—

6:0 —» O, o Ly % X~83X) — 0

with exact rows, where Ey = 64V _(radn;RV) and L, is such that ©p(Lj) ~
E,. Since V_ is an equivalence, w is a sink map in adj(R)4 and one can
easily prove as above that &, is an Auslander-Reiten sequence in mod;.(R)p .
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